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1 Introduction

William Feller stated in [1] that densitites of stable distributions are probably
not known. V.M. Zolotarev spent a lot of effort on deriving aproximative for-
mulas via series expansions and integral representations for stable densities. In
this report we investigate derivation of stable densities and stable distribution
function. We further investigate relation between stable distribution functions
and incomplete gamma functions.

We define stable distribution using its characteristic exponent. We use
parametrization discussed in Karlova [?]. Consider probability distribution F'
with its characteristic function F. We will call F stable distribution iff its
characteristic function is of the following form:

F(k) = e¥®)
where
U(k) = —clfeie P E s, (11)

with ¢ >0, 0 <p1,ps <1 and p; +ps = 1.

2 Basic Properties

Let us start with expressing stable density via inverse Fourier transformation:

S ; g
flasap) = 5o [ e g (2.1)
U — 00

We denote the integrand as g(k,p;). Next, we show simple, yet very useful,
property of stable density:

f(x;aapl) :f(ixaaaPZ)' (22)
For x > 0:
1 o ik pee—iaP1-p2)§ ik Loeia(P1—pP2) 5
f(fl?;Oé,pl) — 27 |:€—Z x—ck®e + etha—cke i|dk —

T Jo
1 e ik pagiar2—P1) g ik pae—ialp2—P1) T

— 27 [ez (—z)—ck%e 4et (—z)—ck%e :|d]€ _
T Jo

= f(*i]], Ot,pg).

We conclude that g(k, z; p1)+g(k, z;p1) = g(k, —x; p2) +g(k, —x; p2). Therefore
without loss of generality we can consider x > 0 and formulate consequent
relation:

1 o ; a —ia(p]—po) L
flz;a,p) = —Re/ emika—ckeTIMITINE qpp (2.3)
0

™

1 o ia(p1—p2) 5
o aia(pi-p)E
fRe/ gikw—ck®e * dk.

0

™



Let us compute real and imaginary part of the integrand g(k, z; p1). Assume
k > 0:

Cikr—ck®e i (P1—P2)F

g(k7x7p1) =€ -
= e~k coslalpi=r2) 3] cog[ka — ck® sin[a(py — p2)m/2]]—

. — =2 — jus
— e ck® cos[a(p1—p2) 3

Vsin[ka — ck® sin[a(py — p2)7/2]].
Thus we conclude, that:

1 [ % eos =
flzya,pr) = 7/ e~k coslapi=r2) 5] cog[ka — ck® sin[a(py — po)7/2)|dk.

i (2.4)

From previous, we can compute f(0,«,1/2) by direct integration. We use sub-
stitution ¢ = ck® and obtain:

1/ 00 1/« 1
F(0,0,1/2) = < / thlemtqr = & r[l v 7]
0 a

aTr s

By assuming p; = po, the integrand became substantially simplified. Direct
computation of f(0;a,p1) in case of p; # po is, however, considerably more
complicated. We make use of following lemma.

Lemma 2.1. For0< 0 < soandl<a<2:
S 1
/ ek cost cos[k® sin f]dk = 1"{1 + *} cos 0,
) «
o 1
/ ek cos0 gin [k sin O)dk = T {1 + —} sin(0 4 7).
. «

Preliminarily, we start with notation. Having two contours L; : [a1,b1] —
C,Ly : [az,bs] — C with Li(by) = La(az), we denote the oriented sum of
contours as L + Ly. The orientation of the contour is denoted by + and so by
~ Ly we denote contour with oposite orientation to contour Lo. If the countour
L is closed, we denote the its interior as intL. Next, we prove the lemma.

Proof. Consider a complex valued function g(z) = e‘zaemdz7 for z € C. For
0 <7r <ry < oo we define a contour L as:

L= L1 + Lg;L3LL4, where (25)
Li(t) =t for t € [r1,7a]; Lo(t) = ree™ for t € [0, 0];
Ls(t) = te' for t € [r,7a); La(t) = r1e for t € [0,6)].

Next, we integrate g(z) along contour L:

T2 0
_ o i _pa if . s o i(at40)
/eze dz=/ et dt—H/ roettTr2¢ dt—
L T1 0

2 0 i(at+0)
: g R oy o i(at
—/ et dt—z/ riett=re dt.
T1 0



Because contour L is closed and integrand g(z) is regular everywhere in interior
of contour L, we can apply Cauchy Theorem and obtain:

o _i0
/e_z ¢ dz=0.
L

Next, we estimate values of integrals over arcs Ly and L4. Let us start with arc
Ly. We make use of relation | exp z| = exp (Re 2).

6 6
. oy ji(at40) . . Y .
‘ / Z’I“Q@Zt ryetlat dt‘ _ T2’ / (_ sint + i cos t)e r$ [cos(at+0)+i 51n(at+9)]dt <
0 0

0
< 1y / 677’3 cos(at+0)dt.
0

Because ...
0 r (a+1)0 r (a+1)0 )
T2/ 6_7'2(1 cos(at-}-@)dt — 72/ e—r;‘ Cos(y)dy — j/ e—rg‘ sm(y)dy <
0 o Jg @ Jo
(a+1)6 N 1— —r$(a+1)0
S[rj/ e*szdy<eT_>O,
o Jo 017’2'

for ro — 0o. We proved that integrals along arcs Ly, L4 converges to 0, which
implies following equity:

00 o i . oo « . 1
/ et dt = ew/ e t"dt = T [f + 1] (2.6)
0 0 @

Finally, we compare real and imaginary part of later equity:
° o 1
/ et o0 cos[t¥ sinf]dt = T [— + 1} cos 6,
0 «
> —t%cosf ; a g 1 :
e sin[—t*sinf]dt =T {f + 1] sin(f + ),
0 (0%

where we used relation —sin 6 = sin(6 + ). QED

Returning to problem of computation f(0,«,p;) for any admissible p;, we
use Lemma 1.1 with 0 = a(p1 — p2)§ and substitute ¢ = ck®. We obtain:

1/«

$0:ap) = =T [14 ] cosfa(pn — pa)/2). (2.1

The previous discussion served us as a motivation for investigating analytic
continuation of integrand g(k,a,p1) in complex plane. We also realized the
importance of choice of suitable contours for evaluation of the integral. Analytic
extension and choice of contour are closely contected.



Let us conclude this section with a useful property of stable distribution
function. Using (2.2), we obtain:

F(z;a,p1) :/ f(y;o,pr)dy = f(y; o, po)dy =

=1- F(_xQC)éva)v

and thus F(z;a,p1) + F(—z;a,p2) = 1.

3 Integral Representation

A density of stable distribution in the form of integral representation is:

for x >0
et "
ax /T g/ =Dy (0
f(m;avﬁ)zm / e VAU (p; B)de. (3.1)
—B/o

Using the following relation:

O [ _gele=Dy(pp)] _ @ 1/(a-1) ,—zCDU(0iB) 17/
%{6 } T a-1" € Ulg; B), (32)
we have equality:
1/(a1) /2 /2
: _ oz =2 CVU@B [T (1 B)dew — 1 / 9 [ e/ Du(ep) d
f(z;a,B) TR / e (i B)dp = — ax[ e .
—B/a —B/a
(3.3)
Using the symmetry f(z;a, 8) = f(—x;«, —8), we have for z < 0:
/et T
alz| /T a/(@=D [ (4
. — —l=| Ulp;—B) - 4
flaa) = g [ @ Ulpi=B)de.  (3.4)
Bl
For z = 0:
1
f(0;a,8) = ;I‘(l + 1/a) cos(B/a). (3.5)

Let us verify that [*_ f(z;a, B)dz = 1:
o] o) 0 o] 0
/_OO f(z; 0, B)dx :/0 flz;a, 8)dx + /_OO flz; o, B)dx :/0 flz; o, B)dx + /_Oo f(—z;a,—B)dz =
(3.6)
= /00 flz;a, 8)dx + /OO fz;a, —B)dex.
0 0



Using (3.2) and Fubini theorem:

w/2 /2

> * /1 0 20/ @=D (0 1 * 9 L a/(a—1) .
. dz = - Il (CHORP | d:f/d/——f” U(eiB) | dx =
| rwama= (0 [ Gl Jao)de = [ de | 5] v
—B/a —B/a
/2
1 1
T 2 am
—B/a
and
/2 /2
e <1 0 g/ =D (i 1 1 15}
sa, —B)dr = = (%md<1:f/d:7——n
[ rwamae= [T Q[ 2] Jajir=t [ap=1 2
B/a B/a
The distribution function of stable distribution is:
forx >0
F(x;a,ﬁ)=/ f(y;a,ﬁ)dy=1—/ f(y; o, B)dy
where
o o /2
1 0 /(=17 (0
. — _ | Y U(p;B) —
| twasa=[ (5 [ o[- Jag)ay (37)
—B/a
w/2 /2
1 o0 a [e3 o — . 1 « o — .
_1 / de/ F[_e_y /¢ ”U“"’ﬁ)}dy:f / =2/ TIU@if) g,
T . Y T
—B/a —B/a
and so
/2
1 (23 o — .
Flzia,8)=1— - / e THUB) qp, (3.8)
T
—B/a
For z <0

F(z;0,3) =[ f(y;a,ﬂ)dy=[ f(=y; o, =B)dy = fly; o, —=B)dy =

||

(3.9)
/2
1 a/(a—1 .
== / el )U(‘”’*ﬁ)dgo =1-F(—z;a,-0).
™
B/
We simply deduce that F(x;«, 8) + F(—x;a,—8) = 1.
For z = 0:
1B
FO;0,0) = 5 = — 3.10
(030, 8) 2 am ( )



4 Representations via Expansions

In this section we derive aproximative formulas for stable densities and stable
distribution functions.

Starting with relation (2.3), the integrand can be continously extended into
complex plain and we denote it as g(z; p1). We see that complex valued function
g(z;p1) is holomorphic. For 0 < r1 < r2 < co we define contour L as:

L= Ll —|— LQ;L3;L4, where (41)
I].
2 b
Li(t) = te'P1—P2)3 for t € [r1,70]; La(t) = re for t € [0, (p1 — p2)=]-

Lyi(t) =t for t € [r1,72]; La(t) = rae™ for t € [0, (p1 — po)

o

Let us integrate g(z;p1) along contour L:

. P s
/ giza—ate TR g / i exp{—itz — t‘“e‘ia(pl_pz)g}dt—k
L

1
(P1—p2) 5 ] o o
+ Z/ 1o exp{—irgetts — rgettiaPiP) B it gy
0
) . .
_ / et(P1—p2) % exp{—ite’(pl_p"‘)ix — t*}dt—
1
(p1—p2) % ) _ _ o
— z/ r exp{—irie’'z — rf‘e“lt*m(pl*m)? te'tdt.
0

Because contour L is closed and integrand g(z,p;1) is holomorphic, we can apply
Cauchy Theorem which gives us:

e e i(P1=P2) G
/el”ze “dz=0.
L

For r;1 — 0, ro — o0, the integrals along arcs Ly, L4 converges to 0 and we get
following equity:

) ) . o) ) -
/ pmitz—tte I PITEIT 4 / ip1=p2) 5 =it PP B g gy (4.2)
0 0
Using above equity, we can express stable density in (2.3) as:
1 R ~ ite!(P1—P2) % 1o
flzyo,p1) = fRe/ ei(P1=p2) 5 oite et dt. (4.3)
T 0
Let us substitute t = y/*:
.

o0 . ™
fla;a,pr) = LRe/ P F o T R ey 5y (4.4)
aT 0



and expand exp{—iy'/*e(P1=P2)3 1} into series:
iyl/aei(,ﬂl*l&)%x]k 0 k/ocefipgfrkxk

oo
67iy1/“ei(p17p2>%z _ Z [* _ Z Yy
k! k!

k=0 k=0

We use linearity of integral and rewrite (4.4) as

> —ipamk+i(p1—p2)§ oo
zFe 2 Bl g
flx;a,p1) *aR Z / g lemevdy =
0

1 L @k cos(—pamk + (p1 — p2) 5)T(EEL +1) _
= - kzo (k + 1)lct+D/a o

_ i n(park)T(k/a+1) 4y
N klck/a '
=

Using the relation we can express later sum via gamma functions as:

I'k/a+1) zk=1
(@50, p1) Zr (k + DT (p2k)D(L — pok) ck/a”

(4.5)

To determine expansion for stable distribution function, we can can integrate
previous series:

F(a;o,p1) — F(0;0,p1) = / flysa,p1) = %Z Sk /a ¥ 1) v

T
— klkck/a

Z T(k/a+1) z*
24Tk + DT (p2k)T (1 — pak) kbl

and so:

pal(k/a+1) ok
F(x; =
(z; 0, p1) p2+z T(k + 1)B(L+ pak, | — pok) ko

k/a+1) zF
pQZF kE+1 -‘rpz]f,l—pgk‘)ck/o‘.

Let us summerize the results into the lemma:

Lemma 4.1. For stable density f(x; o, p1) and x > 0 the following holds:

. 1 2. sin(pomk)D(k/a + 1) k1
J(@;onpr) = — ;l b : (4.6)

Let us note that first part of the lemma is summerized Feller XVII.7 Lemma
1, p.583 in [1]. The method how the result is derived is different from the one
presented.



5 Incomplete Gammma Function

Recall that Gamma function, a natural extension of factorial, is defined by
integral:

I(a) = /000 e d, (5.1)

where a € C,Ra > 0.
Having space of test functions S, p(z) = e™* € S for x € R and so we can
represent gamma function as:

F(CL) = <$a711{z>0},eiaj>. (52)

A very natural idea is investigation of integrals:

I'(a) = /Ow y* e Vdy + /Oo Yy le Ydy, (5.3)

where we denote
v(a,z) = /095 y e vdy, (5.4)
I(a,z) = /OO y e vdy, (5.5)

and call functions T'(a, z),v(a, z) incomplete gamma functions.
Expansion for incomplete gamma function:

a—1

T(a,z) = (a—1)le™® Z %, k> 0. (5.6)
k=0

Lemma 5.1. Random variable X with Poisson distribution with parameter a >
0 has probability distribution in terms of incomplete Gamma function as follows:

I(a+1,z)

PiX s} = I'la+1)

(5.7)
Lemma 5.2. Random wvariable X with standart Gaussian distribution has a
probability distribution in terms of incomplete Gamma function as follows:
ri,5)
orx <0,
P{X <z}={ 7 Jor =
_ M)
2T
Proof. Starting from Gaussian probability distribution function we use substi-
tution to get expression via incomplete gamma function. Assume first z > 0:

1 Ty 1 2
P{ng}:ﬁ/ e*Tdyzlfﬁ/ e”7dy

(5.8)

for x > 0.



Incomplete Gamma Function

1.0 ‘ ‘ :
T(1/2,2)
_ v
r(1/2,2°) 1
T V
r(1/2.2"/2) ||
v
o T(1/2,2* /2)
27T J
4 5
0.7_ T
0L VE 1
\ e’
0.5*'\\""'~:"' E VT R
N ; ; o Ia2et)2)
QLA i N T — =  H
A ‘ _ rapep)
0.3 : N \~ . 2V 7
0.2 R
0.1} R
0.0 05

Figure 1: Incomplete Gamma Function

Substitute z = y;, then dy = \‘/12% and:

1<
P{X<a}=1-—— “berdr =1 —2 27
(X<} 2ﬁL2/2Z e 2 /7

For x <0

1 [T e 1 [ _p2 I(3,%)
P{X<zl=— e 2dy = — e Tdy=—2"2"
X =a m/m y m/ N

QE.D

Lemma 5.3. Random variable X with Lévy distribution has a probability dis-

10



tribution function in terms of incomplete Gamma function as follows:

11
P{X <z} = F(i/’%%). (5.9)
Proof.
PIX <a} = —— /T yEe dy
V2r Jo
Substitute z = i, then dy = —2% and:
PX <0} = ——— [.:/zw O = [ hea Hz)
QED
Definition 5.1. Class of Compound Incomplete Gamma Functions:
e (5.10)
Let us derive characteristic function:
iI‘(a,f(x)) (5.11)
dx

11
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